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PROBLEM SET 1: BACKGROUND REVIEW 1

Problem Set 1: Background Review

Key Skills: Algebra, Trigonometry, Fractions, Exponents, Logarithms.

Let z,y,a,b be real numbers, positive and non-zero when necessary. Determine whether the following
statements are true or false.

Bre = ok roor
(z-y)? = 2° -y T F
(20)b = ga+b T F
% = 1 T F
2 = % T F
2% = 6* T F
272 = 2%y T F
ﬁ = secx T F
2l = 1.7 T F
11 = & T F

22 —2t = 221 —a? T F
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Answers

Let z,y, a,b be real numbers, positive and non-zero when necessary. Review the solutions to this true-
false quiz. For each entry, construct a different right-side to the equation to fix the error.

o= % A
(x—y)? = 22—y T F 2?2 —2xy+°
(20 = outb T F 9ab
é = % T F T
72 = 3 T F %
23T — 6% T F 8%
20U = 2%y T F 2e+y
ﬁ = secx T F cscx
Ztl = 1. T F L
1+1 = & T F lta

22—t = 221 —2a2 T F V1 — 22
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PROBLEM SET 2: CONICS AND LOCI 5
Problem Set 2: Conics and Loci

Key skills: Analytic Geometry, Intersection

Practice Problems

Write the equations of the following lines and conics. Assume all conics (except the line) are centered
at the origin, i.e. have equations in standard form. Check your answers by confirming that the given
points solve the equations you find.

(a) The line through (0, 1) with slope 3.
(b) The parabola through (1, 7).
(¢) The circle through (2, —4).

(d) The ellipse through (1,1) and (0, 6).

Find the intersection point(s) of the following pairs of lines and/or conics. Check your answers by
confirming that the intersection point(s) satisfy the equations of both shapes.

(a) The line through (—1,—2) and (0,0) and the parabola through (—1,4).

(b) The parabola through (3,3) and the hyperbola through (2,0) and (4, 4).

(¢) The line through (—1,—1) with slope 2 and the hyperbola through (2,0) and (-3, —1).

(d) The line through (3,1) with slope —1/2 and the ellipse centered and the origin which passes
through (—3,0) and (—2,2).
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Answers

Equations:

Intersections:

(a) The line has equation y = 22 and the parabola has equation y = 422. The intersection points are
(0,0) and (3,1).

(b) The parabola has equation y = %2 and the hyperbola has equation % — % = 1. Note to find the
intersection points here is quite tricky — you have a quartic and you need to use the quadratic
formula with x2 as the variable. Alternatively you can eliminate 22 and use the quadratic formula
with y as the variable. Either way, you find the use of the quadratic formula gives a negative
square root; therefore, there are no intersection points.

(c) The line has equation y = 2z + 1 and the hyperbola has equation %2 — % = 1. There are no
intersection points.

- 2 . .
==z 4 % and the ellipse has equation % + %% = 1. The intersection
19

(d) The line has equation y 2
(77 7)

points are (3}, §) and



PROBLEM SET 3: FUNCTIONS 7
Problem Set 3: Functions

Key Skills: Domains of Functions, Types of Functions, Properties of Functions

Practice Problems

Domains

Find the domain for each of the following functions. If any values of = are excluded, explain why.

a) flx) =z b) f(z) =z ¢) fz)=Va? d) f(z)=V2r+2

) f@=1 N f@=% 9 f@=1 ) )=

er 1
DI =Gy D @%@ D) ) =)
m f@=w(;) w0 s@=n(g) 0 f@=hE) ) S =)

Properties of Functions

For each of these functions, determine if it is even, odd, or neither.
Hint: Write down f(x) and f(—x), and graph both of them.

a) f(z)=5 b) f(z) =In(z +2) ) flz)=¢ d) f(z)=(e")’

) fw=1 0= g f@=i% W) f@)= s

T



PROBLEM SET 3: FUNCTIONS

Answers

Answers: Domains

a) >0 b) all R c) all R d) z>-1
€) x#0 f) 240 g) v #£1 h) @+l
i):r;égandx%—2 j) all R k) z#0 ) 2>0
m) x>0 n) x#0 0) T#0 p) all R

Answers: Properties of Functions

a) even. b) neither. c) even. d) neither. e) odd. f) even. g) odd. h) neither.



PROBLEM SET 4: OPERATIONS ON FUNCTIONS 9
Problem Set 4: Operations on Functions

Key Skills: Properties of Functions, Inversion, Composition

Practice Problems

Invert the following functions. To do so, give a reason for the invertibility of the function, restricting
the domain if necessary. State the domain and range of the function, as well as the domain of the
inverse. (You don’t have to calculate the range of ¢), which is (0,1). You may assume that d), e) and
f) are monotonic, since monotonicity is difficult to establish with our current tools.)

Demonstrate that you have the correct inverse by finding f o f~!(x) and f~! o f(x) on the appropriate
domains.

) fW=% 0 f@=VEET 0 f@)=

C
O P
9) fl@)=n (zil) h) fz)= lfe;x
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Answers

(a)

This function is defined on all of R, and its range is (0, c0). The range is calculated by inspection:
the exponential e” is always positive, so its reciprocal is as well. e¥ can be arbitrarily large or
arbitrarily close to zero, so its reciprocal can realize any positive real number. f is a decreasing
function, so it is invertible on its domain. Its inverse is defined on (0, c0) and has the form

F 7 (@) = —In(a)

This function is defined on all of R and its range is [1,00). The range is calculated by observing
that 22 > 0, so the term in the square root is > 1. f a decreasing function on (—o00,0) and an
increasing functionon (0, c0), so we restrict its domain to [0, 00) to invert it. The range remains
the same. Its inverse is defined on [1,00) and has the form

@) = Va1

Note that by rearranging y = v/22 + 1 into standard conic form, you can show that f(z) is the
top half of a hyperbola.

This function is defined on all of R and its range is (0, 1) as given. The function is increasing, so
it is invertible. Its inverse is defined on (0,1) and has the form

This function is defined on all R except _73 Its range is all R except 2. The range is difficult
to calculate directly, but can be infered by looking at extreme values. Near the undefined value,
the function gets arbitrarily large. For large x, the function gets arbitrarily close to 2. f is an
increasing function that doesn’t have conflicting values on either side of its asymptote, so it is
invertible. The inverse is defined on all R except 2 and has the form

3 +1
-1
xT) =
@)=,
This function is the generalization of the previous function, with similar properties. It is mono-

tonic, hence invertible, if ad — bc # 0. In that case, the domain is all R except _Td and the range
is all R except %. The inverse is defined on all R except a/c and has the form

_ —dz+b

Cr —a

@)

Note this is an interesting case since all function of this form (with the condition ad — bc # 0)
have inverses of essentially the same form. These function are called Mobius transformation; they
are important in several areas of mathematics, particularly in complex analysis.

The domain is all R. The range is (0, %) The range is difficult to calculate, but can be seen by
looking at extreme values. For large negative x, the function is arbitrarily close to 0. For large x
the function is arbitrarily close to % For the rest of the function, it remains between those two

values. The function is monotonic, hence invertible. The inverse is defined on (0, 1) and has the
form
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()

When calculating the domain, remember that a fraction is positive when the numerator and
denominator have the same sign, i.e. both positive or both negative; check both cases separately.
The domain is all R except [—1, 0]. The range can again be seen by looking at extreme values, and
at the behaviour near the boundaries. The function is monotonic, hence invertible. The inverse
is defined for all R except 0, and has the form

61}

fH @) =

T l—e7

The domain of f is all real except In % The domain of f~! is the union of the invervals (—oo, 0)
and (%, oo). The inverse has the form

fl(x)ln(mi:&)
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Problem Set 9: Limits

Key skills: Limit calculation

See Problem Set 11 for more advanced practice problems, with answers.

Practice Problems

. sin(mx) cos(mz) a+s 5 .
a) lim <332_4+2e > (22 —z+1) b) lim
tan2 3 _ 9.2
o) lim 2 T 4 22 ot d) lim u v
z—0 I z—0 tanx
a2 —4 o dx— 3 . (1+2)2-1
eig €T — f)ilg%)?)x—&—xz )ilao T
. | 3 . sin?z — tan?
") il—>ml 2 +2x+3 2 mlig)l+ (1+2) j):lli% x2

12



PROBLEM SET 9: LIMITS 13

Answers

Remember to start by checking if the limit is indeterminate, e.g. % or 2= etc.

) sin(mx) cos(mx) a+s 5 B ) 1 5
a)zl_l)lr_13<$2_4+2e >(:r z+1) =26 b) lim ———=73
1+ —-
1
1+ -
t 2 3_22
) lim =% 4 2 eot?z = 2 d)lim 2Ty
=0 z—0 tanx
. 2% —4 . dx—2% 4 . (1+2)2-1
dimT—5 =1 Dlmgres=3 9hy— =2
. zt—1 . 3 3 sin? x — tan? x
Wi s 0 0 (et e )y S
sin? x — tan? z

x—0 .’ﬂ2

Questions a), b), d), and h) are solved by simple substitution. Questions c), j), i), and k) are solved by
algebraic simplification to known limits. Questions e) — g) are solved by algebraic manipulation and
factoring.



PROBLEM SET 11: LIMITS AT INFINITY
Problem Set 11: Limits at Infinity

Includes practice problems for Lectures 10 and 11.
Key skills: Horizontal asymptotes; Asymptotic analysis

See last page for more advanced practice problems, with answers.

Practice Problems

a) lim S b) lim S
=500 T2 COS T z——o0o 22 COS T
i cos 3x d) . cos 3x
¢ xl{gox2+2 ;c—1>r—noox2+2
) i 323 + 2z + 10 £ i 323 + 22+ 10
e) im ———— im ——mM———————
z—o0 93 — 422 — 100 z——oco 913 — 422 — 100
5x® — 27x + 2 . 5ad — 27z + 2
g) im ————— h) lim ———————
z—o0 2024 + 20z + 7 z——o0 2024 + 20z + 7
1 1 . 1 1
Djm -z Mmoo 5
2x .3 2z .3
k) lim &2 ) lim &2
T—00 ezxﬁ T——00 e$x6
22,3 z2..3
e x e x
m) z—o0 eTy n) zlafoo e* b
)1 (In [[)° )1 (In Jz])°
Z—00 T T——00 T
. osin?z cos?z . osin?z cos?z
g) lim - r) lim -
o0 I T T——00 I x
9 i 29 + sin? z b 29 + sin? z
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PROBLEM SET 11: LIMITS AT INFINITY

Answers
a) lim ———— DNE b) lim ———— DNE
z—00 T2 COS T z——00 T2 COS T
. cos3x cos 3
Ofm =0 D m
) 323 + 2z + 10 1 £ 323 + 22 + 10 1
e) lim ——————— = — m ——— = =
z—o0 923 — 422 — 100 3 z——o00 913 — 422 — 100 3
) i 5x% — 27z + 2 B i 5x5 — 27Tz + 2
m ————— = &0 m — = —
9 50 202% + 20z + 7 w00 2024 + 202 + 7
| 1 N 1 1
DimZ-@=0 J,lm 2-5=0
2x .3 2z .3
k) lim &2 = ) lim = —0
r—oco ety rz——o00 ely
22,3 22,3
er x . er x
m) acl—mo e 6 - n) mgr—noo e 6 -
| 6 | 6
0) lim 7( n |z)) =0 p) lim 7( nfz)) =0
r—00 x r——00 x
o) lim sin® x _ cos? x —0 r) lim sin? x 7 cos? x —0
T —00 x x T—r—00 xr X
3/ 9 .2 3/..9 s 2
. vVl +sn”x . v’ +sn”x
=0 ) dim —a g =0
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Advanced Practice

Some more challenging problems:

lim V22 +2— 22 —4=0
T—r00

1 3x
lim Er)ve =3
z—o00 /g + 1x3%

sin 2x

lim 5 =
z—00 22 COS T

. et —e "
lim — =1
z—oo ¥ 4 e~ %

(x2—|—4x—21>3/2 125

2 -9 27

16

lim V22 +2— V23 +2 = —0
T—r00

in2
lim ———— — DNE
z—0 r“ COoS T
t
lim ——— =
=0 x4 +x
a4 6x—7
i
. 31w - i:r —2
lim = —
x—0 T 9
11
lim Y13F2 LA ;1
z——4 x+4 54
3/2 _
lim 2 5 _ 3
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Problem Set 12: Limits, Asymptotics, and Models

Key skills: Asymptotic analysis; Mathematical models

Practice Problems

For the following population models, determine the initial population value p at ¢ = 0 and the long
term behaviour of the population. If the population model has a long-term steady state, determine the
final population value. Classify the growth: which are exponential, which are logistic, and which are
some other type of growth?

Assume that ¢ is measured in years and p is measured in thousands of individuals.

¢ plt)= ——F—
88 + 12 (e%t)
50e 5t
d) pt)=———7—=
923 + 2 (eﬁt)
50e ot
e) pt)= -
23 cos(6mt) + 2 (eﬁt>
200 (4)?
f) = 3
3545 (%)
¢ 2
g) p(t)=90 (7> +10
300
h t) =
) p() %Jrl
200 (£)
7 t) = 16
) p(t) ——
) p(t) = 9000t + 900t + 9
J = 45012 — 314+ 3
2213 + 396t — 88t + 8
k) p(t) =

5112 + 2t 4 4
6412 4 128t

l )= =

) P = ooy 3
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Answers

a) p(0) = 100. The population grows without limit. This is an exponential growth model.

b)  p(0) = 20. The population eventually decreases to 0. This is an exponential decay model.
_ 1200 _ . s 1200
c) p(0) = gg735 = 12. The population eventually stabilizes at =5~

88+12 = 100. This is a logistic growth
model.

d) p(0) = %_?_2 = 2. The population eventually stabilizes at 52—0 = 25. This is a logistic growth model.

e) p(0) = % = 2. The population eventually stabilizes at 2> = 25. (As t grows the cosine term

becomes insignificant asymptotically.) This is not any of the types of growth models listed.

) p(0) = 0. The population eventually stabilizes at 222 = 40. This is not any of the types of growth
5
models listed.

g) p(0) = 10. The population grows without limit. This is not any of the types of growth models
listed.

h)  p(0) = 300. The population eventually decreases to 0. This is not any of the types of growth
models listed.

i) p(0) = 0. The population eventually decreases to 0. This is not any of the types of growth models
listed.

j)  p(0) = 3. The population eventually stabilizes at % = 20. This is not any of the types of growth
models listed.

k) p(0) = 2. The population grows without limit. This is not any of the types of growth models
listed.

1)  p(0) = 0. The population becomes positive and eventually decreases back to 0. This is not any of
the types of growth models listed.
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Problem Set 13: Continuity

Key skills: Continuity, Piecewise Functions

Practice Problems

For each of these functions, determine whether or not the function is continuous at the given = value.

a) flx) =22 atx=0 b)f(ac):i atz =0 c)f(x):#—:jw at x = —2

For each of these piecewise functions, determine whether or not the function is continuous at its
crossover point.

9 1 3xr+2 x<2
e)f(ar)={x v ) f@)={a? P

2243z x>1
- 422 -8 x>2

For each of these piecewise functions, find a value for @ which makes the function continuous, or show
that no such value exists.
24+3c—-1 z>2 24+3c—-1 z>2
9) fx)=

T <2 h) ) = 1 <2

a
x r—2
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Answers

a) lim,_,o- f(z) = 0. lim,_,o+ f(z) = 0. f(0) = 0. Continuous.
b) Discontinuous; f(0) is not defined.

¢) Discontinuous; f(—2) is not defined. (Note that the (x + 2) factors cancel, but they can only be
cancelled where = 4+ 2 # 0.)

d) Discontinuous; f(x) approaches (horizontally!) different values from each direction.
e) lim,_,;- 2r = 2. lim,_,;+ 2% + 3z = 4. Discontinuous.

f) lim,_o- 32+ 2 =28. (2)% = 8. lim,_,o+ 42% — 8 = 8. Continuous.

g) lim,_ o+ f(x) = 9. lim,_,o- f(z) = §. Continuous if a = 18.

h) lim,_o+ f(z) = 9. lim,_,5- f(z) = —co. Not continuous for any a.
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Problem Set 16: Derivatives

Key skills: Derivatives using Derivative Rules; Derivatives of inverse functions

Combines material from Lectures 14, 15, and 16.

Practice Problems
Derivative Rules

Do the following derivatives, explicitly labelling the rules you are using. (Power, Linearity, Product,
Quotient, Chain). Simplify if you want, and if you see an obvious simplification, but don’t worry about
simplifying difficult expressions.

The derivative d%ek‘” (problem i) is particularly useful, and it’s worth memorizing the answer once you
find it. There are (at least) two different ways to do problem b.

d d a® d d
a) £m2 sinzlnx b) %Z—I c) e cos(z? + 1) d) e sin(cos(sin z)))
d 1 d . d d 4
— /1= 2 3 x—1 " _sinxz+cosx h 9z
) dz 2 +1 7) de”’ € e 9) da’® ) dx
. d kx . d 224z 2
i) e 7) £2 +x

Derivatives of Inverse Functions

Do the following derivatives using the rule for derivatives of inverse functions.

k) %\/5 ) —va2-1 m) — In(z?)
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Answers

Derivative Rules

d a® a*(Ina—1nbd)

a) %IZSinxlnx:x2cosxlnx+2:z:sinxlnx—|—zsin:c b) P =
d
c) e cos(z?41) = —2xsin(z*+1) d) s sin(cos(sinx)) = — cos(cos(sinx))) sin(sin x) cos &
x x
d 1 1 2 d 9o 321 T 2. 2 -1, .3 2-1
e) %\/1—x2+1:2 —— 2 1 1) ) %xe—kxe = 2ze”4ae+3x°e”  Hae
241
d . ,- , d
g) %esm xr+cosx _ (COS(E — sin x)esm xr+cosx h) @2w4 _ 2I44x3 11’12
d d
e 7) %2@2” 22 =27 1n2(20 +2) + 2

Derivatives of Inverse Functions

d

k) -V

Use f(x) =22 so f~1(x) = .
LAY~ _
dx ul,_m 2V

Use f(z) = (z+1)?so f1(z) = V22 -1

i‘/l‘Q—l: 1

1

d(E 2(U+1) u:\/m_Q\/J]-f-l
d
m) %ln(ﬁ)
Use f(z) = Ve® so f1(z) = Inz?
d 9 1 2Velmz® 2 2
@ln(x): — Rt
2ve" | y=In 22

(This last can be simplified a great deal by writing In(2?) = 2Inz, but it useful to do in this way to
see how to use the inverse function derivative process.)
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Problem Set 17: Implicit Derviatives

Key skills: Implicit Differentiation, Chain Rule, Tangent Lines

Practice Problems

For each of the following curves, find a general expression for the implicit derivative Z—Z, determine
where the derivative is undefined, and calculate the tangent line at the given points.

It is strongly recommended that you first plot each curve, using Desmos or another curve-graphing
program.

a) 2?+y*> =36, tangent at (0,6), at (3v/2, 3v/2), and at (—3Vv'2, 3v/2).
) 2% —y? =36, tangent at (v/1000036, 1000)
¢) y*—2=0, tangentat (1,1), and at (1,—1)
d) z?—y=0, tangentat (1,1)
)

y?> 4 cosz =1, tangent at (m,V/2), and at (g, —1)


https://www.desmos.com/calculator

PROBLEM SET 17: IMPLICIT DERVIATIVES 24

Answers

a) y__ =z
der vy

(0,6): The slope is 0, so the tangent line is y = 6 (a constant).

(3v/2, 3v/2): The slope is —1. To find the intercept: (3v/2) = —(3v/2) +b, so b = 61/2. Then the tangent
lineisy = —x + 6v/2.

(—3v/2, 3v/2): The slope is 1. To find the intercept: (3v/2) = (—=3v/2) + b, so again b = 6v/2. (You
can see this from symmetry if you sketch these tangent lines on the curve.) Then the tangent line is
y=x+6v2

y

x
de vy

(+/1000036, 1000): The slope is 7”10(%)836 ~ 1.000018 ~ 1. To a very good approximation, the tangent
line is y = .

dy 1
) —=—
de 2y
(1,1): The slope is 1/2. To find the intercept: (1) = (1) + b, so b = 1/2. Then the tangent line is
Y= %m + %
(1,—1): The slope is —1/2. To find the intercept: (—=1) = —3(1) + b, so b = —1/2. Then the tangent
line is y = —%JJ — %

d) @_Z’E

doe
(1,1): The slope is 2. To find the intercept: (1) = 2(1)+b, so b = —1. Then the tangent line is y = 2x—1.

dy sinz
der 2y

€)
(m,4/2): The slope is 0, so the tangent line is y = v/2 (a constant).

(g, 71): The slope is f%. To find the intercept: —1 = f% (g) +b,s0 b= 7 —1. Then the tangent line

isy:—%m—l—%—l.
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Problem Set 18: Higher Derivatives

Key skills: Higher Derivatives (a.k.a. Multiple Derivatives)

Practice Problems

Watch for patterns in your solutions to some of these problems.

The patterns you find in problems ¢, g, h, i, and j are particularly interesting and useful.

? 2 ., a2
a)@x —3zx+1 b)@ sin(x?) c)@e”
d? d> 41 d?
d)ﬁ COS(LE2 — 1) @)@m f)ﬁ ln(l — IQ)
d3 4 3 d5 4 3
g)@m —52° + 6z +3 h)ﬁx —5z° + 6z + 3
d* d* d?
1) — sin(4x) §)——ebott k)——e*®

dxt



PROBLEM SET 18: HIGHER DERIVATIVES

Answers

2

d d
a)@x“ —3r+1= %4953 —3=1222

d
s sin(z?) = %2x cos(z?) = 2cos(x?) — 422 sin(z?)

d2

d
@ 2 1y b o2 1) — 9 1) A2 2 _
d) e cos(z® — 1) I 2z sin(z” — 1) 2sin(x® — 1) — 4z” cos(z* — 1)

e)d2 e+l da?+1-(z+1)22) d —a®-2z+1

de?2? +1  dr (22 +1)2 Tdr (22 +1)2
(22 -2)(2® + 1) — (—a® — 22+ 1)2(z* + 1)(22)
- (2 +1)4
(22 -2)(2? + 1) — (—a? — 2z + 1)(4x)
- (22 41)3
=223 — 222 — 20— 2 — (—42® — 82 +4x) 223462 — 62— 2
B (2 41)3 B (2 41)3
f)d—gln(l %)= d =2z =21 -2°) — (=2z)(22) 22> -2
dax? Cdrl—a?2 (1—22)? (1 —22)2
d® d? d
g)ﬁgg4 —52° + 62 +3 = Eélx?’ — 1522 +6 = @12:52 + 302 = 242 + 30

5 4 3 2

d d d d
4 3 _ 3 2 2 —
h) = — 5z +6m+3—dx44x — 15z +6_dx312x +30m—dw224x+30—dx24—0

dxb
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d4 3 2

: : d d . d .
z)@ sin(4x) = %4 cos(4x) = ﬁ(fm sin(4x)) = %(764 cos(4x)) = 256 sin(4x)

J)ﬁ 6x+1 — d736€6x+1 — d7236€6x+1 — 121666x+1 — 1296e6$+1
dz* dx3 dx? dx
d46+1 d3 6x+1 d226+1 d36+1 4 _6x+1
or @ex :@663c :w(s@x :d76€x :663:
d3 d? d
k)——e?" = ——2e* = —4¢*" = 8¢*"

da? dx? dx



PROBLEM SET 19: LINEAR APPROXIMATION 28
Problem Set 19: Linear Approximation

Key skills: Tangent Lines as approximations of functions

Practice Problems

Write the linear approximation (tangent line) of the given function at the given points. Use it to
calculate nearby values. If you have a computer to give approximate values, compare the results from
your approximation to what your computer gives.

(a) The function f(z) = sinx near the points (0,0) and (m,0).
(b) The function f(x) = cosz near the point (0,1) and (27, 1).

The function f(x) = tanz near the point (0,0).

) ()
) (z)
(c) (z)
(d) The function f(x)
) (z)
) (x)
) (z)
) ()

= 22 near the points (0,0) and (1,1).
(e) The function f(z) = 2> near the points (0,0) and (1,1).
(f) The function f(x) = (z — 5)? near the points (5,0) and (0, 25).

g) The function f(x

= ¢® near the point (0,1).
h =

(
( s2H near the points (0,—1) and (1,2).

The function f(z
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Answers

(a) Lsinz =cosz
Near (0,0): f(z) =«
Near (m,0): f(x)~ -z +7

(b) L cosz=—sinz
Near (0,1): f(z) =~ 1
Near (2m,1): f(z) =~ 1

(¢) L tanz =sec’x

Near (0,0): f(z) =z
(d) La? =2z

Near (0,0): f(z) =0

Near (1,1): f(z) =2

Near (0,0): f(z) ~
Near (1,1): f(z)
(f) L(z—5)?=22-10
Near (5,0): f(z) =0
Near (0,25): f(x) =~ —10x + 25

(8) fre*=e"
Near (0,1): f(x) =~z +1
2
(h) %2:;;;11 = _2(322;5%3:1—;21

Near (0,-1): f(z)~ -z —1
Near (1,2): f(x) ~ —Tz+9

29
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Problem Set 20: Sigma Notation

Key skills: Sigma notation for sums, manipulating sums, combining sums, manipulating indices

Practice Problems

1) Write out each of the following sums in full. (Questions a, b, ¢, h, and i demonstrate how shifting
indices works. Question f shows why you can factor constants out of a sum.)

4 5 6 5 4 4
a) >k b)Y (k-1) o) > (k-2) ) >k e) Y j oY 2k
k=1

k=1 k=2 k=3 k=2 j=1 =

2) For each of these sums, take out the first three terms and use sigma notation for the rest.

8

2 5 9
a) Z% b) > (2k—1) ) > (2K + k) d) >k

k=1 k=1 k=1 k=3

3) Combine each pair of sums into a single sigma-notation expression, shifting indices where necessary.
(Tip: When shifting indices of a sum, check it by writing out the first two or three terms; the original
and “shifted” versions should work out the same.)

12 12 7 9 4 4 25 23
> 3k+) 5k b > 2k+> 3k o) Y A+ 2k d) S (KP42k) + > k2
k=1 k=1 k=1 k=3 k=2 k=2 k=3 k=1

4) Demonstrate the following formulas for the given values of n.

n

a) len forn=5

k=1

1
L forn=6andn=17

forn=4

W
s nn+1)(2n+1)

¢) ;k 6
Z <n+1)> forn=3
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Answers
Part 1:

a) Y k=1+2+3+4
k=1

b) J(k—l):(2—1)+(3—1)+(4—1)+(5—1):1+2+3+4
k=2
6

) > (k—=2)=0B-2+(A-2)+(-2)+(6-2)=1+2+3+4
k=3
5

d) Y k=2+3+4+5
k=2

e) Y j=1+2+3+4
4

£ D 2k=2(1)+2(2)+2(3)+2(4) =2+4+6+8
k=1
4

9) Y 1=1+1+1+1
k=1
2

h) > K=0"+17+2=0+1+4
k=0
3

) Y (k-1P=(01-12+@2-1)°+(B-1=0"+1+2"=0+1+4
k=1
3

) E -1 =(1)*-D+(2°-D+(B)°-1)=1-1)+@-1)+9—-1)=0+3+38
k=1

k)

NE

o

(K3 —4k) = (1> —4(1)) + (2° —4(2) + (3° —4(3)) = (1 —4) + (8 —8) + (27— 12) = 3+0+15

Il
N
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Part 2:

a)

(2k—1)=1+3+5+) (2k—1)
k=1 k=4

Mo

8 8
ST@K+ k) =3+10+21+ > (2K +k)

k=1 k=4

9 9
D k=3+4+5+> k
k=3 k=6

12

12 12
D3k + Y 5k = (3k+5k?)
k=1 k=1

k=1
7 9 9 9 9
D2k + Y k= 20k—1)+ > 3k=> 5k—2
k=1 k=3 k=3 k=3 k=3

7 9 7 7 7
or: > 2k + > 3k=Y 2k+ > 3(k+2) =D bk+2
k=1 k=3 k=1 k=1 k=1

(Convince yourself these are the same result by writing out the first few terms!)

4 4 4
Z4k2 + szﬂ = Z6k2
k=2 k=2 k=2

25 23 25 25 25
SR +2k) + > k+2=> (K+2k) + Y k= (k*+3k)
k=3 k=1 k=3 k=3 k=3

(You could also shift the first sum instead, but this is simpler.)

32
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Part 4:
5
a) LHS:  1=1+1+1+1+1=5
k=1

RHS:n=5 V

k=14+2+34+4+5+6=21

NE

b) LHS:

~
Il

1

6(6+1)

HS:
RHS 2

=21 VvV

T
LHS: Zk:1+2+3+4+5+6+7:28
k=1

7(7+1)

RHS: 5

=28 v

4
¢) LHS: Y k*=1+4+9+16=30
k=1

444+ 1)(2(4)+1)

RHS:
6

=30 Vv

3
d) LHS: > k*=1+8+27=236

33
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Problem Set 22: Integration using the Fundamental Theorem
of Calculus

Key skills: Integration, Fundamental Theorem of Calculus, Antiderivatives

Practice Problems

Calculate the following integrals by directly finding an anti-derivative or using tables. For the indefinite
integrals, check your answer by differentiation.

a)/a:3dx b)/3mdm c)/(w2+x+1)dax
d)/sin(Qx) dx e)/idaz f)/6S€C2.Z‘dJ)

2/ 7
g)/ <2 + 1) dx h)/ e’ dx
1 \7T 1

i)/ﬂ cos 7 da j)/oﬂ(sinx—cosx)dx k)/1 (z—1)2da

—1
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Answers
4 P 3 2
3y — L gy — S 2 _r T
a)/x dic—4+C c)/3 dx—ln3+C’ b)/(:c +x+1)dx 3+2+x+C
— 2 1 -1
d)/sin(Qx)da:z#%—C e)/ﬁdaj:?+0 f)/GSec2a:dx:6tana:+C

2/ 7
g)/ <2+x> dr =2 h)/ e“dr=e" —e
1 \Z% 1

™ ™ 1
z)/ coszdr =0 ])/ (sinz — cosx) dx = 2 kj)/ (x —1)%dx 8
0

- 1 3
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Problem Set 23: Integration using Substitution
Key skills: Substitution

Practice Problems

Do the following integrals by substitution. Clearly label your chosen substitution.

a)/\/%dx b)/2:z:(1272)80 dx c)/x7(cosx8)dx
d) / de ¢) / @ +2) B2+ )de  f) / cos zsin’ 2 dz

4 /2 3 2
4 1
9)/ T dx h)/ cos x sin® z dx z)/ T
0 VA 0 0 Vz®+3z+4

2
|
j)/ 2L e
1 X
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Answers
2 —1 — 423 .
a)/izdxzix u=1-— 42> du = —122% dx
V1 — 423 3
2 _ 9)81
b)/2$($2—2)80d$:% u=x?—2 du = 2x dx
_ain g8
c)/x7(cosx8)dxdac= 5181133 u =18 du = 82" dx
1)* 1)° 1
d)/(\/iﬂdx(\/gﬂ u=+zr+1 du = —— dx
2z 5 2/
3 8
.4 sin® .
f) | cosxsin® xdx = 5 U =sinx du = cosx dx
)/4 12 4= 26v5-1) 4+2°  du=2zd
——dr = — - U= x u=2xdz
g 0o V44 x? 2
71'/2 1
h)/ cosxsinzxdzzg u=sinz du = cosx dx
0
P22 41 2/40 — 4

i) dx = u=1z%+ 3z +4 du = (32% + 3) dx
0o Vad+3zx+4 3

2
1 1
j)/ 2 =2 u=Inx du = —dx
T x
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Problem Set 24: Separable Differential Equations
Key skills: Separable Differential Equations.

Practice Problems

Solve the following separable initial value problems.

o Ty £0) = 50
p F_I 7(0) =0
o0 T-3 F2)=3
o T 70) =7
o L_L1 f(1) =4

de  zf
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Answers

39



PROBLEM SET 25: L’HOPITAL’S RULE

Problem Set 25: L’Hopital’s Rule
Key skills: Derivatives, Limits
Practice Problems

Applying L’Ho6pital’s rule

Use L’Hopital’s rule to calculate the following limits.

sinx T tanx
a) lim b) lim — ¢) lim
z—0 X z—0 SsIn x z—0 I
Inx x L
e) lim — f)  lim rte g) lim £

T—o0 I r—oo et T—r00

Forbidden questions

Explain why you cannot apply L’Hopital’s rule for any of the following limits.

. sinz . cosx . z—1
a) }1_{1; €T b) ili% x c) a:gmfl x2 -1
2 1 2 —r
Q) lim S0 e) lim = £)  lim &

T—4 et r—4 et T—00 I

40
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Answers

Answers to: Applying L’Hépital’s rule

a) lim sinz_ lim cosT _ 1
z—0 I z—0 1
b) lim — = lim =1
z—0 SInx z—0 COS T
o lim tanz sec? x _
z—0 z—0 1
.o —1 . 1 1
Q) Jmorg=lmgr =3
1 1 1
e) limﬂ—hmizlimf:()
r—00 I z—o00 | T—00 I
1 €T X
f)  lim te lim — = lim =0
rz—oo et z—o0 et + eT r—00 T +
1 1 4 2 4 2
1 1 -4 42 -4 42
g) lim £—2° — lim a;51 22 — lim —2~ 2%
Tr—00 lnx Tr—r00 z Tr—00 =
In (22 Lox 1
h)  lim n(z) = 2’ = lim — =0

Answers to: Forbidden questions

ST A= 5 . e . . . 0
L’Hopital’s rule only applies to limits of the indeterminate forms §

of the limits in this section. Specifically:

and 22. This does not describe any

i 0
o) ig&zx:I:O

1
b) lim “F pas the form ~
z—0 T 0

has the form ;2

C) 11—1>H711 1‘2 —1
. x?2—16 0
9) iﬂ er T el6 0
216
e) lim R
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Problem Set 26: Extrema

Key skills: Derivatives, Critical points, Slopes

Practice Problems

Find the x values of the critical points of each of the following functions, and classify each as a local
minimum, local maximum, or neither. As a bonus, determine if any of the critical points are global
minima or maxima.

Check your answers by plotting the functions with Desmos (https://www.desmos. com) or other graph-
ing software.

O FW=VETL ) f@=ahe g f@)=Y —dria
2246z —1


https://www.desmos.com
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Answers

Remember that it’s very useful to simplify and factor the derivative wherever possible (or at least
convenient), since that makes the zeroes much easier to find. To determine whether an extremum is
global or just local, remember to consider the limits as x goes to £oo.

(a)
(b)

()

8

f'() =3(x—-2)?2=0 = z =2 f(x)is positive on both sides of x = 2 the function is
increasing everywhere, so x = 2 is neither a minimum nor a maximum.
fllxy=e*—ze*=(1—2)e* =0 = z=1. f'(z) is positive for z < 1, and negative for
x > 1, so this is a (global) maximum.

fl(@)=2ze®—2%c®=2z—2He ®=2(2—2)e =0 = x=0o0rx=2. f'(x)is negative
for x < 0, positive for 0 < z < 2, and negative for z > 2, so x = 0 is a (global) minimum and
x =2 is a (local) maximum.

fl@)=e =222 =(1-222)e® =0 = x= :I:% (roughly +0.707). f'(z) is negative
for z < f%, positive for % <z < %, and negative for = > %, SO T = f% is a (global)
minimum and z = % is a (global) maximum.

fl(x) = 2= =0 = 2 =0. f/(z) is negative for z < 0 and positive for z > 0, s0 z =0 is a

Va2+4
(global) minimum.

fl(@)=lnaz+1=0 = z=e"' =1 (roughly 0.367). f'(z) is negative for < 1 and positive
1

for x> 1 sox =1isa (global) minimum.

fllz)y=2>-4=(z—-2)(z+2) =0 = z = +£2. f/(z) is positive for z < —2, negative for
—2 < x < 2, and positive for > 2, so © = —2 is a (local) maximum and x = 2 is a (local)
minimum.

f'(z) =2wcos(z?) =0 = z=0o0rz==+,/(n+3)m,n=0,1,2,.... f(z) is negative just to
the left of © = 0 and positive just to the right, so z = 0 is a (local) minimum. Moving out from
here, f'(x) flips sign after each critical point, so the critical points alternate between maxima
and minima. All extrema are local.

f'(z) =2sinzcosz =0 = z=n(%),n=0,%1,+2,.... f'(z) is negative just to the left of
2 = 0 and positive just to the right, so z = 0 is a minimum. Moving out from here, f'(x) flips
sign after each critical point, so the critical points alternate between maxima and minima. All
extrema are local.

22+46) (2 42)— (2 +62—1)(2 — 622 —6(z+1)(z—2
f(z) = (22+6) (x (9[‘,)%(;6)2 z—1)(2z) _ 6@2165;12 _ ((ar;br)z()x2 ) -0 — 72— —lora =2
f'(z) is negative for x < —1, positive for —1 < z < 2, and negative for x > 2, so x = —1 is a

(global) minimum, and z = 2 is a (global) maximum.
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Problem Set 27: Optimization

Key skills: Optimization

Practice Problems

1. If there is a square prism with height, width h and length 1 m, determine the maximum volume of
the prism if the surface area is 1 m?2.

2. The area of an ellipse with semi-axes a and b is wab. Find the maximum area under the constraint
a+b = 1. Then find the maximum area under the constraint a? + b = 1.

3. Two circles have centres which are exactly 1 m apart. The circles touch each other but do not
overlap. What is the minimum of the sum of the areas of the two circles in this situation? (Hint: The
radii do not have to be the same!)
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Answers

1. Surface area is 2h? + 4hl = 1. We solve for [ and subsitute into the volume formula V = h2l. This
gives

h — 2R3 , 1 6h?
V=—g— VlW=5-7
Solving for the critical points gives h = %. We check that this is a maximum by seeing that the sign

of the derivative changes from positive to negative. Then | = % as well, and we conclude that the

cube has the maximum volume.

2. Process in both parts is the same as the previous question, using the constraint to remove a variable,
and using the first derivative and critical points to find the maximum. The maximum area for the first
part is 7/4, and for the second part is 7/2.

3. If r; and 7y are the two radii, then the areas are 772 and 7r3 with the restriction that r; + 7 = 1.
Therefore 1o = 1 — r;. The total area is

A=mri+7(l—r)?=n(1—2r +2r?)
If we take the derivative and optimize, we find a local minimum at r; = %. Therefore, the total area
is minimized when both radii are 1/2 and the minimum sum of the areas of both circles is 7/2 units
squared.

[N
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Problem Set 28: Marginal Analysis

Part of the larger field of ”Cost-Benefit Analysis”.

Key skills: Optimization, Intersections

Practice Problems

For each of the following pairs of cost and benefit functions, find the point of maximum net benefit,
and the range(s) of production rates with a positive net benefit. Determine whether production should
be increased, decreased, or neither at production levels z = 1,2,3. (Recall that x is the production
rate, C'(z) is the cost of producing at rate x, and B(z) is the benefit (income from sale) obtained from
production at rate x.)

In most of these cases you’ll need to have a computer calculate the final solutions. Your main job is to
come up with the equations for the computer to solve. One way is to ask Wolfram Alpha to ”solve”
the function (for example: solve 0=x"3-8x"2+4x-25). You may need to click ” Approximate forms”
to get a numerical answer.

2
0 C@)="H1
B(l‘):{z rs2
20 —2 x>2
d) C(z)=e"/*
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Answers

Define N(x) = B(z) — C(x) to be the net benefit.

a) N(z)=—222+8x—6=—2(z—1)(z —3)
Net benefit is positive for 1 < x < 3.
N'(z) = -4z +38

The derivative is 0 at 2 = 2, so since N () is concave-down (negative 22 term) this is the point of
maximum net benefit. N'(z) is positive at © = 1, zero at = 2, and negative at = 3, so production
should increase, stay the same, and decrease at these levels, respectively.

1,2

b) N(@)=ve-

Net benefit is positive for 0 < x < 4.
1 x
N(z)=—~ %
(z) 2v/x 4
The derivative is 0 at = = 22/3 ~ 1.587, so since N(z) is concave-down this is the point of maximum
net benefit. N'(x) is positive at = 1, so production should increase from there; it is negative at x = 2
and 3, so production should be decreased from those values.

2

3:_902+1 <2
¢) N(z)=1{ 2 4 -
) V) {2x—2—’24+1 z>2

or

3221

= <2
N(z) = { 4 -

—x"+8x—9

Net benefit is positive for % < x < 4+ /7 (approximately 0.577 < z < 6.646).

3z <2
N'(z) = 2;8 T <
_§+2 > 2

This derivative is 0 at * = 0 and x = 4; only x = 4 has positive net benefit, so this must be the
maximum. N’(z) is positive at = 1,2, 3 so production should be increased in each of those cases.
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d) N(z)=2In(z+1)—e/?
Net benefit is positive for approximately (0.798 < z < 7.179).

2 1
ex/S

This derivative is 0 at x & 3.736, so that production gives maximum net benefit. N’(z) is positive at
x =1,2,3 so production should be increased in each of those cases.

10z 4 100 — (22 +5x+4) —2?+52—-4 —(z—1)(z—4)
— X = = =
r+1 z+1 r+1 z+1

e) N(z)=

Net benefit is positive for 1 < x < 4.

(=2x+5)(x+1) — (22 +52 —4)(1) —2?—-22+9

N'(@) = (x+1)2 BECENVE

This derivative is 0 at * = v/10—1 ~ 2.162, so since N (z) is concave-down this is the point of maximum
net benefit. N’(x) is positive at = 1 and 2, so production should increase from there. N'(x) is negative
at x = 3 so production from there should be decreased.
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Problem Set 29: Curve Sketching

Key skills: Curve Sketching

Practice Problems

Sketch the following functions, using all the function properties discussed in class.

2

a) f(x):m

¢) f(z) =e “sin(x +m) d) f(z)=a2*+—

49
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Answers

a) The domain is R. The range is [0, 1). The function has even symmetry. There is an x and y-intercept
at (0,0) and no other intercepts. The function is always positive. The limit as  — toois 1, s0 y =1
is a horizontal asymptote in both the positive and negative directions.

The first derivative is

by 24 a?) —a?(2z) 2z
@ ==—a3 7  ~ a2

This has a root at © = 0. The function is decreasing on (—o0,0) and increasing on (0,00). z =0 is a
local minimum.

The second derivative is

() = 2(1+2?)? — 22(22)(2)(1 +2?)  2(142?) — 8z 2 — 6a?
(@) = (1 +a22)t T 0+ (+a2p

This has roots at x = :I:\/g. The function is concave down on (—oo, —\/g) , concave up on (—\/g, \/g)

and concave down on (\/g ,

oo). Both roots are inflection points.

b) The domain is R. The range is [In4, 00). The function has even symmetry. There is a y-intercept
at (0,In4). There are no z intercepts. The function is always positive. The limit as 2 — +o0o is 00, so
there are no asymptotes.

The first derivative is

2x
r_
! 244

This has a root at & = 0. The function is decreasing on (—o00,0) and increasing on (0,00). z =0 is a
local minimum.

The second derivative is

vy 2(2®+4) —2x(2z)  8—2a?
fia) = (22 + 4)2 T (@2 +4)2

This has a root at x = £2. The function is concave down on (—oo, —2), concave up on (—2,2) and
concave down on (2, 00). Both roots are inflection points.

¢) The domain is R and the range is R. There is no symmetry. There is a y-intercept at (0,0) and
infinitely many x-intercepts at all multiples of 7. The limit as x — oo is 0, so y = 0 is a horizontal
asymptote in the positive direction. The limit as © — —oo does not exist.
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The first derivative is
fl(x) = —e "sin(z +7) + e *cos(z + ) = e “(cos(z + ) — sin(z + )

This has infinitely many roots, whenever sin and cos are equal. (Those values are slightly tricky to
calculate). All of these critical points are maxima or minima, as the sinusoidal part of the functions
oscillates up and down.

The second derivative is
f'(x) =e"sin(z +7) —2e “cos(x +m) —e Tsin(zr + 7) = —2e” ¥ cos(x + )

There are infinitely many roots, at all odd multiples of 7/2. All these roots are inflection points, as
the sinusoidal part of the function switches between concave up to concave down.

d) The domain is all z # 0. The range is R. There are no y-intercepts. There are no x-intercepts. There
is no symmetry. The limits as * — 0 are 00, so there is a vertical asymptote at = 0. The limits as
x — F00 are oo so there are no horizontal asymptotes.

The first derivative is

1
3zt

f(x) =2z —

It has aroot at . = ¢ %. The function is decreasing on (—o0, 0), decreasing on (O7 Y

on ({’/g, oo). T = f/g is a local minimum.

The second derivative is

1

g) and increasing

1
— 2 —_—
f + 1225

It has a root at x = ¢ ;—i. The function is concave up on <foo, v/ 5—2) The function is concave down

on ({’/g, O). The function is concave up on (0,00). z = {’/g is an inflection point.
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